サンイツケイ ノ ユラギ ノ テイリ ト イッパンカ GREEN-KUBO コウシキ リョウシ カガク ニオケル ソウツイセイ ト スケール by 早川, 尚男
Title散逸系のゆらぎの定理と一般化Green-Kubo公式 (量子科学における双対性とスケール)
Author(s)早川, 尚男























$\Gamma(t)=U_{arrow}(0, t)\Gamma(0)$ $(2\cdot 1)$
$\Gamma(t)$ $f(\Gamma(t))$
$U_{arrow}(0, t)f(\Gamma(0))=f(\Gamma(t))$ $(2\cdot 2)$
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$U_{arrow}(0, t)$
$\dot{\Gamma}(\Gamma(t), t)=\dot{\Gamma}(U_{arrow}(0, t)\Gamma(O), t)=U_{arrow}(0, t)\dot{\Gamma}(\Gamma(0), t)$ $(2\cdot 3)$
$\dot{\Gamma}(\Gamma(t), t)$ $\Gamma(t)$
$\dot{\Gamma}(\Gamma(0), t)$ $\Gamma(0)$ $U_{arrow}(0, t)$
$\frac{d}{dt}B(\Gamma(t))=\dot{\Gamma}(\Gamma(t),\cdot t)\cdot\frac{\partial B}{\partial\Gamma}|_{\Gamma(t)}=U_{arrow}(0, t)\dot{\Gamma}(\Gamma, t)\cdot\frac{\partial B(\Gamma)}{\partial\Gamma}|r$
$=U_{arrow}( O, t)iC(t)B(\Gamma)=\frac{\partial}{\partial t}U_{arrow}(O, t)B(\Gamma)$ $(2\cdot 4)$
operator identity
$\frac{\partial U_{arrow}(0,t)}{\partial t}=U_{arrow}(0, t)iC(t)$ $(2\cdot 5)$
$(2\cdot 5)$
$U_{arrow}(0, t)=1+ \int_{0}^{t}dsU_{arrow}(0, s)i\mathcal{L}(s)$
$=1+ \int_{0}^{t}dsi\mathcal{L}(s)+\int_{0}^{t}ds1\int_{0}^{S1},21$
$= \sum_{n=0}^{\infty}\int_{0}^{t}ds_{1}\int_{0}^{s_{1}}ds_{2}\cdots\int_{0}^{s_{n-1}}ds_{n}i\mathcal{L}(s_{n})\cdots i\mathcal{L}(s_{2})i\mathcal{L}(s_{1})$
$=T_{arrow} \exp[i\int_{0}^{t}C(s)ds]$ $(2\cdot 6)$
$T_{arrow}$ $t_{1}<t_{2}$ $T_{arrow}(A(t_{1})A(t_{2}))=$
$A(t_{1})A(t_{2})$ $A(t_{2})A(t_{1})$
$U_{arrow}(t, 0)\equiv U_{arrow}^{-1}(0, t)$
$\frac{\partial}{\partial t}U_{arrow}(t, 0)=-iC(t)U_{arrow}(t, 0)$ , $U_{arrow}(t, 0)=T_{arrow} \exp[-i\int_{0}^{t}dsC(s)]$ $(2\cdot 7)$
$\rho(\Gamma, t)$
$\frac{\partial}{\partial t}\rho(\Gamma_{:}.t)=-\frac{\partial}{\partial\Gamma}\cdot(\dot{\Gamma}(\Gamma, t)\rho(\Gamma, t))=-iC^{\dagger}(t)\rho(\Gamma, t)$ $(2\cdot 8)$




$\frac{\partial}{\partial t}U_{arrow}^{1}(t, 0)=-iC^{\uparrow}(t)U_{arrow-}^{\uparrow}(t, 0)$ (210)
$U_{arrow}^{\uparrow}(t, 0)= \sum_{n=0}^{\infty}(-)^{n}\int_{0}^{t}ds_{1}\int_{0}^{S1}ds_{2}\cdots\int_{0}^{s-1}n_{ds_{n}i\mathcal{L}^{\dagger\dagger\dagger}}(2$
$=T_{arrow} \exp[-i\int_{0}^{t}dsiC^{\dagger}(s)]$ (2 $\cdot$ 11)
$\int d\Gamma\rho(\Gamma)iC(t)B(\Gamma)=-\int d\Gamma B(\Gamma)iC^{\dagger}(t)\rho(\Gamma)$ (2 $\cdot$ 12)
$\langle B(t)\rangle=\int d\Gamma B(\Gamma(t))\rho(\Gamma, 0)=\int d\Gamma\rho(\Gamma, 0)U_{arrow}(0, t)B(\Gamma)$
$= \int d\Gamma B(\Gamma)\rho(\Gamma, t)=\int d\Gamma B(\Gamma)U_{arrow}^{\uparrow}(t, 0)\rho(\Gamma, 0)$ (2.13)
Schr\"odinger Heisenberg
$tr\{\rho(\Gamma)iC(t)B(\Gamma)\}=-tr\{B(\Gamma)iC^{\uparrow}(t)\rho(\Gamma)\}$ (214)
$\langle B(t)\rangle=tr\{\rho(\Gamma, 0)U_{arrow}(0, t)B(\Gamma)\}=tr\{B(\Gamma)U_{arrow}^{\dagger}(t, 0)\rho(\Gamma, 0)\}$ (215)
$**$ )
$\langle B(-t)\rangle=tr\{\rho(\Gamma, 0)U_{arrow}(t, 0)B(\Gamma)\}=tr\{B(\Gamma)U_{arrow}^{\uparrow}(0, t)\rho(\Gamma, 0)\}$ (216)
2 Liouville operators $i\mathcal{L}(t),$ $iC_{0}(t)$
$U_{arrow}( O, t)=U_{arrow}^{0}(0, t)+\int_{0}^{t}dsU_{arrow}(O, s)(iC(s)-iC_{0}(s))U_{-arrow}^{0}(s, t)$
$=U_{arrow}^{0}(0, t)+ \int_{0}^{t}dsU_{arrow}^{0}(0, s)(iC(s)-i\mathcal{L}_{0}(s))U_{arrow}(s, t)$ (2 $\cdot$ 17)
$*)$ 6 $|$ $U_{arrow}(0$ ,
-.





Dyson $U_{arrow}^{0}(0, t)=T_{arrow} \exp[i\int_{0}^{t}\mathcal{L}_{0}(s)ds]$
$iC_{0}(t)$ Liouvillian $iC(t)$ Liouvillian
$U_{arrow}^{\dagger}(t, 0)=U_{arrow}^{0\dagger}(t, 0)- \int_{0}^{t_{dsU_{arrow(s,0)(i\mathcal{L}(s)-iC_{0}^{\dagger}(s))U_{arrow}^{0\dagger}(t,s)}^{\dagger\dagger}}}$
$=U_{arrow}^{0\dagger}(t, 0)- \int_{0}t_{dsU_{arrow}^{0\dagger}(s,0)(iC^{\dagger}(s)-iC_{0}^{\dagger}(s))U_{arrow}(t,s)}\dagger$ (2 $\cdot$ 18)
Liouville operators $ic\dagger(s),$ $iC(s)$
$iC^{\dagger}(t)-iC(t)= \Lambda(\Gamma, t)=\frac{\partial}{\partial\Gamma}\cdot$ $(t)$ (219)
$*$ )
$U_{arrow}^{\dagger}(0, t)=T_{arrow} \exp[\int_{0}^{t}ds\Lambda(\Gamma(s), s)]U_{arrow}(0, t)$ $(2\cdot 20)$
$\Lambda(\Gamma(s_{2}), s_{2})=U_{arrow}(O, s_{2})\Lambda(\Gamma, s_{2})U_{arrow}(s_{2},0)$ $(2\cdot 20)$
Kawasaki representation $U_{arrow}^{\uparrow}(t, 0)=U_{arrow}^{1^{-1}}(0, t)$






$\rho_{cq}(\Gamma)=\frac{e^{-\beta H(\Gamma)}}{Z(\beta)}$ $(3\cdot 1)$
$\beta$ $Z(\beta)=$






tr $\{\rho(\Gamma)U_{arrow}(0, t)B(\Gamma)\}=$ tr $\{B(\Gamma)(T_{-},e^{\int_{0}^{f}ds\Lambda(s)}\rho(\Gamma(t)))\}$ $(3\cdot 2)$
$f$ $U_{arrow}(0, t)f(\Gamma)=f(\Gamma(t))$
(32)
$\int d\Gamma\rho(\Gamma)U_{arrow}(0, t)B(\Gamma)=\int d\Gamma B(\Gamma)(T_{arrow}e^{\int_{0}^{t}ds\Lambda(s)}\rho(\Gamma(t)))$ $(3\cdot 3)$





$\langle T_{arrow}e^{-\int_{0}^{f}ds\Omega(s)}\rangle_{cq}=tr\{\rho_{cq}(\Gamma)T_{arrow}e^{-\int_{0}^{t}ds\Omega(s)}\}=1$ $(3\cdot 5)$
$\langle T_{arrow}e^{-\int_{0}^{t}}$ ‘




$\langle T_{arrow}e^{-\int_{0^{\infty}}ds\Omega(s)}\rangle_{cq}=1$ $(3\cdot 7)$
fluctuation theorem
(215) (221)
$\langle T_{arrow}e^{\int_{0^{t}}ds\Omega(-s)}\rangle_{cq}=1$ $(3\cdot 8)$
$\mu$
$N$ $\mathcal{H}\equiv H-\mu N$ $(3\cdot 1)$
$\rho_{cq}=\frac{e^{-\beta \mathcal{H}}}{---(\mu,\beta)}$ . $\Xi(\mu, \beta)\equiv tre^{-\beta \mathcal{H}}$ $(3\cdot 9)$
$(3\cdot 4)$
$\tau_{arrow e^{-\int_{0}^{t}\ \tilde{\Omega}(s)}}\equiv T_{arrow}e^{\int_{0^{f}}ds\Lambda(s)}T_{arrow}e^{-\beta\int_{0^{t}}ds\dot{\mathcal{H}}(s)}$ (3 $\cdot$ 10)
Integral uctuation theorem







$\frac{d}{dt}\langle B(\Gamma(t)\rangle cq=\int d\Gamma B(\Gamma(0))\Omega(-\Gamma)(-t))T_{arrow}e^{\int_{0}^{t}ds\Omega(-s)}\rho_{cq}(\Gamma)$
$= \int d\Gamma\rho(\Gamma, t)B(\Gamma)\Omega(O)=\int d\Gamma\rho_{cq}(\Gamma)B(t)\Omega(O)$
$=\langle A(t)\Omega(0)\rangle_{cq}$ $(4\cdot 2)$
$\langle B(\Gamma(t)\rangle_{cq}=\langle B(\Gamma(0)\rangle_{cq}+\int_{0}^{t}ds\langle B(\Gamma(s))\Omega(\Gamma(0)\rangle_{cq}$ $(4\cdot 3)$
2
$U_{arrow}(t, 0)=1- \int_{0}^{t}dsiC^{\uparrow}(s)U_{arrow}(s, 0)$ $(4\cdot 4)$
$\rho(t)=\rho_{cq}-\int_{0}^{t}dsiC^{\uparrow}(s)U_{arrow}^{\uparrow}(s, 0)\rho_{cq}$ $(4\cdot 5)$
(210)
$-iC^{\uparrow}(t)U_{arrow}^{\uparrow}(t, 0)\rho_{cq}(\Gamma)=\Omega(t)U_{arrow}^{\uparrow}(t, 0)\rho_{cq}(\Gamma)=U_{arrow}^{\uparrow}(t, 0)\Omega(t)\rho_{cq}(\Gamma)$ $(4\cdot 6)$
(45)
$\rho(t)=\rho_{cq}+\int_{0}^{t}dt_{1}U_{arrow}^{\dagger}(t_{1},0)[\Omega(t_{1})\rho_{cq}]$ , $(4\cdot 7)$
$\langle B(\Gamma(t)\rangle_{cq}=$ tr $(B(\Gamma)\rho(\Gamma(t))$
$= \langle B(\Gamma)\rangle_{cq}+\int_{0}^{t}ds\langle B(\Gamma)U_{arrow}^{\uparrow}(s, 0)\Omega(s)\rangle_{cq}$
$= \langle B(\Gamma)\rangle_{cq}+\int_{0}^{t}ds\langle[U_{arrow}(0, s)B(\Gamma)]\Omega(\Gamma(0))\rangle_{cq}$
$=\langle B(\Gamma)\rangle$ cq $+ \int_{0}^{t}ds\langle B(t)\Omega(0)\rangle_{cq}$ $(4\cdot 8)$
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$(4\cdot 3)$ $(4\cdot 8)$ Green-Kubo $tarrow\infty$
$\langle B\rangle$ ss $\equiv\lim_{tarrow\infty}\langle B(t)\rangle$ cq
$\langle B\rangle ss=\langle B(0)\rangle_{cq}+\int_{0}^{\infty}ds\langle B(s)\Omega(0)\rangle_{cq}$ $(4\cdot 9)$
Green-Kubo
( )
$\frac{d}{dt}\langle B(t)\rangle_{cq}=\langle B(t)\Omega(0)\ranglearrow\langle B(t)\rangle_{cq}\langle\Omega(0)\rangle_{cq}=0$ (410)
12)
(4 $\cdot$ 9) Green-Kubo $\sigma_{xy}$
$\sigma_{ss}\equiv-\langle\sigma_{xy}\rangle$ ss $/V$
$\sigma_{ss}=-\frac{\langle\sigma_{xy}(0)\rangle_{\beta}}{V}-\frac{1}{V}\int_{0}^{\infty}ds\langle\sigma_{xy}(s)\Omega(0)\rangle_{eq}$ (4 $\cdot$ 11)
$\langle\sigma_{xy}(O)\rangle$ cq $=$











$H_{S}= \frac{p^{2}}{2m}+V(x)$ , $(5\cdot 2)$
69
$H_{B}= \sum_{n}\hslash\omega_{n}(b_{n}^{\dagger}b_{n}+\frac{1}{2})=\sum_{n}(\frac{1}{2m_{n}}p_{n}^{2}+\frac{1}{2}m_{n}\omega_{n}^{2}x_{n}^{2})$ . $(5\cdot 3)$
$b_{n}^{\dagger}$
$b_{n}$ $x_{n}$ $p_{n}$
$H_{I}=-x \sum_{n}\kappa_{n}x_{n}=-xB$ , $(5\cdot 4)$
$\kappa_{n}$
$B \equiv\sum_{n}\kappa_{n}x_{n}=\sum_{n}\kappa_{n}\sqrt{\frac{\hslash}{2m_{n}\omega_{n}}}(b_{n}+b_{n}^{\uparrow})$ $(5\cdot 5)$
$H_{cx}(t)=-xF_{cx}(t)$ . $(5\cdot 6)$
$H_{C}= \mathcal{K}x^{2}\equiv x^{2}\sum_{n}\frac{\kappa_{n}^{2}}{2m_{n}\omega_{n}^{2}}$ . $(5\cdot 7)$
$\rho$
14)
$\frac{d}{dt}\rho(t)=-\frac{i}{\hslash}[Hs+Hc, \rho(t)]+\frac{iF_{cx}(t)}{\hslash}[x, \rho(t)]-\frac{1}{\hslash}\int_{0^{d\tau tr}}^{\infty}B[H_{I}, [H_{I}(-\tau), \rho s(t)\otimes\rho_{B}]]$
$(5\cdot 8)$
$\rho_{B}$
$D(\tau)\equiv i\langle[B, B_{B}(-\tau)]\rangle_{B}$ , $D_{1}(\tau)\equiv\langle\{B, B_{B}(-\tau)\})_{B}$ $(5\cdot 9)$
$B_{B}(t)\equiv e^{iH_{B}t/\hslash}Be^{-iH_{B}t/\hslash}$ $\{A, B\}\equiv AB+BA$
(58) 14)
$\frac{d}{dt}\rho_{S}(t)=-\frac{i}{\hslash}[H_{S}+H_{C}, \rho s(t)]+\frac{iF_{cx}(t)}{\hslash}[x, \rho s(t)]$
$+ \frac{1}{2\hslash^{2}}\int_{0}^{\infty}d\tau(iD(\tau)[x, \{xs(-\tau), \rho_{S}(t)\}]-D_{1}(\tau)[x, [x_{S}(-\tau), \rho_{S}(t)]])(5\cdot 10)$
$\Omega(t)\equiv\frac{F_{cx}(t)}{m}\int_{0}^{\beta}d\lambda p_{S}(-i\hslash\lambda)-\frac{\mathcal{K}}{m}\int_{0}^{\beta}d\lambda\{x_{S}(-i\hslash\lambda),p_{S}(-i\hslash\lambda)\}$
70
$+ \frac{i}{2\hslash m}\int_{0}^{\infty}d\tau\{\tilde{D}_{-}(\tau)\int_{0}^{\beta}d\lambda p_{S}(-i\hslash\lambda)xs(-\tau-i\hslash\beta)$
$- \tilde{D}_{+}(\tau)\int_{0}^{\beta}d\lambda p_{S}(-i\hslash\lambda)x_{S}(-\tau)\}$
$+ \frac{1}{2\hslash^{2}}\int_{0}^{\infty}d\tau(\tilde{D}_{+}(\tau)[x, x_{S}(-\tau)]-\tilde{D}_{-}(\tau)[x, xs(-\tau-i\hslash\beta)])$ . $(5\cdot 11)$
13)
$tarrow\infty$









$\langle p\rangle_{SS}^{(3)}=\frac{i}{2\hslash m}\int_{0}^{\infty}dt\int_{0}^{\infty}d\tau\{\tilde{D}_{-}(\tau)\int_{0}^{\beta}d\lambda\langle p_{S}(-i\hslash\lambda)xs(-\tilde{\tau})p_{H}(t)\rangle_{eq}$
$- \tilde{D}+(\tau)\int_{0}^{\beta}d\lambda\langle p_{S}(-i\hslash\lambda)xs(-\tau)p_{H}(t)\rangle_{cq}\}$ (5 $\cdot$ 15)
$H_{C}$
$\langle p\rangle_{SS}^{(4)}=\frac{1}{2\hslash^{2}}\int_{0}^{\infty}d\tau\int_{0}^{\infty}dt(\tilde{D}_{+}(\tau)\langle[x, x_{S}(-\tau)]p_{H}(t)\rangle_{cq}-\tilde{D}_{-}(\tau)\langle[x, xs(-\tilde{\tau})]p_{H}(t)\rangle_{cq})$ .
(5 $\cdot$ 16)
Green-Kubo
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